Exercises first week by Ritelli, Daniele
Exercises: week # 1
1. Let a, b nonzero vectors in Rn
• a and b are said to be parallel if and only if there is a scalar s ∈ R such that a = sb
• a and b are said to be orthogonal if and only if a · b = 0
(a) Find all nonzero 3-dimensional vectors (x, y, z) orthogonal to (1,−1, 0) such that y = x
(b) Find all nonzero 3-dimensional vectors orthogonal to the vector (3, 2,−5) whose components
sum to 4
(c) Use the proof of the Cauchy-Scwarz inequality to show that the equalty holds if and only if
x = 0y = 0 or x is parallel to y
2. The cross product of two vectors x = (xl, x2,3 ) and y = (yl, y2, y3) in R3 is the vector defined by
x× y = (x2y3 − x3y2, x3y1 − x1y3, x1y2 − x2y1)
(a) Show that for any x ∈ R3
x× x = 0
(b) Show that for any x, y ∈ R3
x× y = −y × x
(c) Show that for any x, y, z ∈ R3
−x× (y + z) = x× y + x× z
(d) Show that for any x, y, z ∈ R3
(x× y) · z = x · (y × z)
(e) Show that for any x, y, z ∈ R3
x× (y × z) = (x · z)y − (x · y)z
(f) Show that for any x, y, z ∈ R3
||x× y||2 = ||x||2||y||2 − (x · y)2
(g) x× y 6= 0 =⇒ x× y ⊥ x
3. Given a nonempty set X a topology on X is a collection T of subset of X such that
• the union of any collection of sets that are elements of T belongs to T
• the intersection of any finite collection of sets that are elements of T belongs to T
• the empty set ∅ and the whole X belong to T
(a) Let X be R, and let T consist of the empty set and all infinite subsets of R. Is T a topology
on R?
(b) Let X be [0,+∞) and let T consist of the empty set, X, and all rays (a,+∞) with a ≥ 0.
Prove that T is a topology on X
4. Verify Schwarz’s Theorem for the function
f(x, y) = ln
x+ y
2xy
5. A function f : Rn \ {0} → R is positive homogeneous of degree k if for any x ∈: Rn \ {0}
f(αx) = αkf(x)
Euler’s homogeneous function theorem states that if f : Rn \{0} → R is continuously differentiable,
then f is positive homogeneous of degree k if and only if
x · ∇f(x) = kf(x)
Given
f(x, y) =
√
x2 + y2
xy
establish if it is positive homogeneous and, in case, establish the degree of homogeneity.
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6. Let f, g : R→ R two C2 functions.
(i) Show that u(x, y) := f(xy) satisfies the partial differential equation
x
∂u
∂x
− y ∂u
∂y
= 0
(ii) Show that v(x, y) := f(x− y) + g(x+ y) satisfies the partial differential equation called wave
equation
∂2v
∂x2
− ∂
2v
∂y2
= 0
7. Let
u(x, t) =
e−x
2/4t
√
4pit
, t > 0, x ∈ R
v(x, t) = x2 + 2t, t, x ∈ R
w(x, t) = e−t sinx, t, x ∈ R
show that u, v, w all satisfy the heat equation ut = uxx
8. Find the critical point of the function
f(x, y) = x2 − y2 + 3xy + 1
9. Find, if they exist, the absolute maximum and minimum of the function
f(x, y) =
x+ y
1 + x2 + y2
for (x, y) ∈ R2
10. Find the extrema of the function f(x, y) = x2 + y2 with the constraint x+ y = 1
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